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THE POINCAR

E SERIES OF THE COVARIANTS OF BINARY FORMS
L. BEDRATYUK
Abstrat. A formula for omputation of the Poinare series Pd(z) of the algebra of the
ovariants of binary d-form is found. By using it, we have omputed the Pd(z) for d ≤ 20.
1. Consider the natural ation of the omplex matrix group SL2 on the omplex vetor spae
of binary d-forms. Let Cd be orresponding algebra of ovariants. The algebra Cd is a nite
generated graded algebra:
Cd = (Cd)0 + (Cd)1 + · · ·+ (Cd)i + · · · ,
and the vetor spaes (Cd)i are all nite dimensional. The formal power series Pd(z) ∈ Z[[z]],
Pd(z) =
∞∑
i=0
dim((Cd)i)z
i,
is alled the Poinare series of the algebra of ovariants Cd. The nite generation of the algebra
of ovariants implies that its Poinare series is an expansion of some rational funtion. We
onsider here the problem of omputing eiently this rational funtion.
The Poinare series alulations were an important objet of researh in lassial invariant
theory of the 19th entury. For the ases d ≤ 10, d = 12 the series Pd(z) were alulated by
Sylvester and Franklin, see [1℄, [2℄. Relatively reently, Springer [3℄ set the expliit formula for
omputing the Poinare series of the algebras of invariants of the binary d-forms. This formula
has been used by Brouwer and Cohen [4℄ for d ≤ 17 and also by Littelmann and Proesi [5℄ for
even d ≤ 36.
In the paper we have found a Sylvester-Cayley-type formula for alulating of dim(Cd)i
and Springer-type formula for alulation of Pd(z). By using the formula, the series Pd(z) is
alulated for d ≤ 30.
2. To begin with, we give a proof of the Sylvester-Cayley-type formula for ovariants of
binary form.
Let V ∼= C2 be standard two-dimensional representation of Lie algebra sl2. The irreduible
representation Vd = 〈v0, v1, ..., vd〉, dimVd = d + 1 of the algebra sl2 is the symmetri d-power
of the standard representation V = V1, i.e. Vd = S
d(V ), V0 ∼= C. The basis elements
(
0 1
0 0
)
,(
0 0
1 0
)
,
(
1 0
0 −1
)
of the algebra sl2 at on Vd by the derivations D1, D2, E :
D1(vi) = i vi−1, D2(vi) = (d− i) vi+1, E(vi) = (d− 2 i) vi.
The ation of sl2 is extended to ation on the symmetrial algebra S(Vd) in the natural way.
Let u2 be the maximal unipotent subalgebra of sl2. The algebra Sd
Sd := S(Vd)
u2 = {v ∈ S(Vd)|D1(v) = 0},
is alled the algebra of seminvariants of the binary form of degree d. For any element v ∈ Sd
a natural number s is alled the order of the element v if the number s is the smallest natural
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number suh that
Ds2(v) 6= 0, D
s+1
2 (v) = 0.
It is lear that any seminvariant v ∈ Sd of order i is the highest weight vetor for an irreduible
sl2-module of the dimension i+ 1 in S(Vd).
The lassial Robert's theorem [6℄ implies an isomorphism of the algebras ovariants and
seminvariants. Thus, it is enough to ompute the Poinare series of the algebra Sd.
The algebra S(Vd) is graded
S(Vd) = S
0(Vd) + S
1(Vd) + · · ·+ S
n(Vd) + · · · ,
and eah Sn(Vd) is the omplete reduibly representation of the Lie algebra sl2. Thus, the
following deomposition holds
Sn(Vd) ∼= γd(n, 0)V0 + γd(n, 1)V1 + · · ·+ γd(n, d n)Vdn, (∗)
here γd(n, k) is the multipliity of the representation Vk in the deomposition of S
n(Vd). On the
other hand, the multipliity γd(n, i) of the representation Vi is equal to the number of linearly
independent homogeneous seminvariants of degree n and order i for the binary d-form. This
argument proves
Lema 1.
dim(Cd)n = γd(n, 0) + γd(n, 1) + · · ·+ γd(n, d n).
The set of weights ( eigenvalues of the operator E) of a representation W denote by ΛW , in
partiular, ΛVd = {−d,−d+ 2, . . . , d}.
A formal sum
Char(W ) =
∑
k∈ΛW
nW (k)q
k,
is alled the harater of a representation W, here nW (k) denotes the multipliity of the weight
k ∈ ΛW . Sine, a multipliity of any weight of the irreduible representation Vd is equal to 1,
we have
Char(Vd) = q
−d + q−d+2 + · · ·+ qd.
The harater Char(Sn(Vd)) of the representation S
n(Vd) equals Hn(q
−d, q−d+2, . . . , qd), see
[7℄, where Hn(x0, x1, . . . , xd) is the omplete symmetrial funtion
Hn(x0, x1, . . . , xd) =
∑
|α|=n
xα00 x
α1
1 . . . x
αd
d , |α| =
∑
i
αi.
By replaing xk with q
d−2 k, k = 0, . . . , d, we obtain the speialized expression for the harater
of Char(Sn(Vd)) :
Char(Sn(Vd)) =
∑
|α|=n
(qd)α0(qd−2·1)α1 . . . (qd−2 d)αd =
=
∑
|α|=n
qdn−2(α1+2α2+···+dαd) =
dn∑
k=0
ωd(n, k)q
dn−2 k,
here ωd(n, k) is the number nonnegative integer solutions of the equation
α1 + 2α2 + · · ·+ d αd =
d n− k
2
on the assumption that α0 + α1 + · · · + d αd = n. In partiular, the oeient of q
0
(the
multipliity of zero weight ) is equal to ωd(n,
dn
2
), and the oeient of q1 is equal ωd(n,
dn−1
2
).
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On the other hand, the deomposition (∗) implies the equality for the haraters:
Char(Sn(Vd)) = γd(n, 0)Char(V0) + γd(n, 1)Char(V1) + · · ·+ γd(n, d n)Char(Vdn).
We an summarize what we have shown so far in
Theorem 1.
dim(Cd)n = ωd
(
n,
d n
2
)
+ ωd
(
n,
d n− 1
2
)
.
Proof. The zero weight appears one in any representation Vk, for even k, therefore
ωd
(
n,
d n
2
)
= γd(n, 0) + γd(n, 2) + · · ·+ γd(n, 4) + ...
The weight 1 appears one in any representation Vk, for odd k, therefore
ωd
(
n,
d n− 1
2
)
= γd(n, 1) + γd(n, 3) + · · ·+ γd(n, 5) + ...
Thus
ωd
(
n,
d n
2
)
+ ωd
(
n,
d n− 1
2
)
= γd(n, 0) + γd(n, 1) + · · ·+ γd(n, d n).

3. It well-known that the number ωd
(
n, dn
2
)
of non-negative integer solutions of the following
system 

α1 + 2α2 + · · ·+ d αd =
d n
2
,
α0 + α1 + · · ·+ αd = n
is equal to the oeient of tnz
d n
2
of the expansion of the series
fd(t, z) =
1
(1− t)(1− t z) . . . (1− t zd)
.
Denote it in suh a way: ωd
(
n, dn
2
)
=
[
tn(z)
d n
2
]
(fd(t, z)). It is lear that
ωd
(
n,
d n
2
)
=
[
tnzd n
]
(fd(t, z
2)) =
[
(t zd)n
]
(fd(t, z
2)).
Similarly, the number ωd
(
n, dn−1
2
)
of non-negative integer solutions of the following system

α1 + 2α2 + · · ·+ d αd =
d n− 1
2
,
α0 + α1 + · · ·+ αd = n
equals [
tn(z)
d n−1
2
]
(fd(t, z)) =
[
tnzd n−1
]
(fd(t, z
2)) =
[
(tzd)n
]
(z fd(t, z
2)).
Thus, the following statement holds
Theorem 2. The number dim(Cd)n of linearly independet seminvariants (and ovariants) of
degree n for the binary d-form is alulated by the formula
dim(Cd)n =
[
(tzd)n
]( 1 + z
(1− t)(1− t z2) . . . (1− t z2 d)
)
.
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4. Let us prove Springer-type formula for the Poinare series Pd(z) of the algebra ovariants
of the binary d-form. Consider the C-algebra C[[t, z]] of formal power series. For arbitrary
m,n ∈ Z+ dene C-linear funtion
Ψm,n : C[[t, z]] → C[[z]],
m, n ∈ Z+ in the following way
Ψn1,n2
(
tm1zm2
)
=


zs, if
m1
n1
=
m2
n2
= s ∈ N,
1, if m1 = m2 = 0,
0, otherwise.
Then for arbitrary series
A = a0,0 + a1,0t+ a0,1z + a2,0t
2 + · · · ,
we get
Ψn1,n2(A) = a0,0 + an1,n2z + a2n1,2n2z
2 + · · · .
Dene by ϕn the restrition of Ψm,n to C[[z]], namely
ϕn
(
zm
)
:=


z
m
n , if m = 0 (mod n),
0, if m 6= 0 (mod n),
1, for m = 0.
It is lear that for arbitrary series
A = a0 + a1z + a2z
2 + · · · ,
we obtain
ϕn(A) = a0 + anz + a2nz
2 + · · ·+ as nz
s + · · · .
In some ases alulation of the funtions Ψ an be redued to alulation of the funtions
ϕ. The following statements hold:
Lema 2.
(i) For h(t, z) ∈ C[[t, z]]) we have Ψ1,n(h(t, z)) =
1
2pii
∮
|z|=1
h
(
t
zn
, z
)
dz
z
∣∣∣
t=z
;
(ii) for R(z) ∈ C[[z]] and for m,n, k ∈ N holds
Ψ1,n
(
R(z)
1− tzk
)
=


ϕn−k(R(z)), n ≥ k,
0, if n < k
Proof. (i) Let h(t, z) =
∑∞
i,j=0 hi,jt
izj . Then
1
2pii
∮
|z|=1
h
(
t
zn
, z
)
dz
z
=
1
2pii
∞∑
i,j=0
∮
|z|=1
hi,jt
izj−n i
dz
z
=
∞∑
i
hi,nit
i.
Thus,
1
2pii
∮
|z|=1
h
(
t
zn
, z
)
dz
z
∣∣∣
t=z
=
∞∑
i
hi,niz
i = Ψ1,n(h(t, z)).
(ii) Let R(z) =
∑∞
j=0 fjz
j . Then for k < n we have
Ψm,n
(
R(z)
1− tmzk
)
= Ψm,n
(∑
j,s≥0
fjz
j(tmzk)s
)
= Ψm,n
(∑
s≥0
fs(n−k)(t
mzn)s
)
=
∑
s≥0
fs(n−k)z
s.
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On other hand, ϕn−k(R(z)) = ϕn−k
( ∞∑
j=0
fjz
j
)
=
∑
s≥0
fs(n−k)z
s.

The main idea of this alulations is that the Poinare series Pd(z) an be expressed in terms
of funtions Ψ. The following simple but important statement holds
Lema 3.
Pd(z) = Ψ1,d
(
1 + z
(1− t)(1− tz2) . . . (1− tz2d)
)
.
Proof. Theorem 2 implies that dim(Cd)n = [(tz
d)n]fd(t, z
2). Then
Pd(z) =
∞∑
n=0
dim(C2,d)nz
n =
∞∑
n=0
(
[(tzd)n]fd(t, z
2)
)
zn=Ψ1,d(fd(t, z
2)).

Combining this with Lemma 2, (i) we obtain one more formula for the Puanare series:
Pd(t)=
1
2pii
∮
|r|=1
1 + z∏d
k=0(1− tz
d−2 k)
dz
z
.
Compare the formula with the Molien-Weyl integral formula for the Poinare series of the
algebra of invariants of binary form, see [8℄, p. 183.
Now we an present Springer-type formula for the Poinare series Pd(z)
Theorem 3.
Pd(z) =
∑
0≤k<d/2
ϕd−2 k
(
(−1)kzk(k+1)(1 + z)
(z2, z2)k (z2, z2)d−k
)
,
here (a, q)n = (1− a)(1− a q) · · · (1− a q
n−1) is q-shifted fatorial.
Proof. Consider the partial fration deomposition of the rational funtion fd(t, z
2)
fd(t, z
2) =
d∑
k=0
Rk(z)
1− tz2 k
.
It is easy to see, that
Rk(z) = lim
t→z−2k
(
fd(t, z
2)(1− tzk)
)
= lim
t→z−2 k
(
(1 + z)
(t, z)d+1
(1− tz2 k)
)
=
=
1 + z
(1− z−2k)(1− z2−2k) · · · (1− z2(k−1)−2k)(1− z2(k+1)−2k) · · · (1− z2d−2k)
=
=
z2k+(2k−2)+...+2(1 + z)
(z2k − 1)(z2k−2 − 1) · · · (z2 − 1)(1− z2) · · · (1− z2d−2k)
=
(−1)kzk(k+1)(1 + z)
(z2, z2)k(z2, z2)d−k
.
Using the above lemmas we obtain
Pd(z)=Ψ1,d
(
fd(t, z
2)
)
=Ψ1,d
(
n∑
k=0
Rk(z
2)
1− tz2 k
)
=
∑
0≤k<d/2
ϕd−2 k
(
(−1)kzk(k+1)(1 + z)
(z2, z2)k(z2, z2)d−k
)
.

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5. For diret omputations we use the following tehnial lemma
Lema 4. Let R(z) be some polynomial of z. Then
ϕn
(
R(z)
(1− zk1)(1− zk2) · · · (1− zkm)
)
=
ϕn
(
R(z)Qn(z
k1)Qn(z
k2)Qn(z
km)
)
(1− zk1)(1− zk2) · · · (1− zkm)
,
here Qn(z) = 1 + z + z
2 + . . .+ zn−1, and ki are natural numbers.
Proof. Observe that ϕn(f(z
n)g(z)) = f(z)ϕn(g(z)), for arbitrary f(z), g(z) ∈ C[[z]]. Partiu-
larly,
ϕn
(
g(z)
1− zm
)
= ϕn
(
R(z)
1− znm
1− znm
1− zm
)
=
1
1− zm
ϕn
(
g(z)
1− znm
1− zm
)
=
=
1
1− zm
ϕn
(
g(z)(1 + zm + (zm)2 + · · ·+ (zm)n−1)
)
=
1
1− zm
ϕn (g(z)Qn(z
m)) .

Example. Consider the ase d = 3. We have
P3(z) = Ψ1,3
(
1 + z
(1− t)(1− tz2) (1− tz4) (1− tz6)
)
=
= ϕ3
(
1 + z
(1− z2)(1− z4)(1− z6)
)
− ϕ1
(
(1 + z) z2
(1− z2)2 (1− z4)
)
=
=
1
1− z2
ϕ3
(
1 + z
(1− z6)(1− z12)
·
1− z6
1− z2
·
1− z12
1− z4
)
−
(1 + z) z2
(1− z2)2 (1− z4)
=
=
1
(1− z2)2(1− z4)
ϕ3
(
(1 + z)(1 + z2 + z4)(1 + z4 + z8)
)
−
(1 + z) z2
(1− z2)2 (1− z4)
=
=
1 + z + z2 + 2z3 + z4
(1− z2)2(1− z4)
−
(1 + z) z2
(1− z2)2 (1− z4)
=
1 + z + z3 + z4
(1− z2)2(1− z4)
=
=
(1 + z)(1 + z3)
(1− z2)2(1− z4)
=
1 + z3
(1− z)(1 − z2)(1− z4)
.
By using Lemma 3 the Ponare series Pd(z) for d ≤ 20 are found. Below list several results:
P1 (z ) :=
1
1− z
,P2 (z ) :=
1
(−1 + z2) (z − 1)
,
P3 (z ) :=
1 + z3
(1− z) (1− z2) (1− z4)
,P4 (z ) :=
1 + z3
(1− z) (1− z2)2 (1− z3)
P5 (z ) :=
z15 + z13 + 3 z12 + 3 z11 + 5 z10 + 4 z9 + 6 z8 + 6 z7 + 4 z6 + 5 z5 + 3 z4 + 3 z3 + z2 + 1
(1− z) (1− z2) (1− z4) (1− z6) (1− z8)
P6(z) =
z10 + z8 + 3 z7 + 4 z6 + 4 z5 + 4 z4 + 3 z3 + z2 + 1
(1− z) (1− z2)2 (1− z3) (1− z4) (1− z5)
P7 (z ) := p7(z)/((1− z) (1− z
2) (1− z4) (1− z6)(1− z8) (1− z10) (1− z12))
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where
p7(z) := z
35 + 2 z33 + 6 z32 + 10 z31 + 19 z30 + 28 z29 + 44 z28 + 61 z27 + 79 z26 + 102 z25+
+ 129 z24 + 156 z23 + 173 z22 + 196 z21 + 215 z20 + 230 z19 + 231 z18 + 231 z17+
+ 230 z16 + 215 z15 + 196 z14 + 173 z13 + 156 z12 + 129 z11 + 102 z10 + 79 z9
+ 61 z8 + 44 z7 + 28 z6 + 19 z5 + 10 z4 + 6 z3 + 2 z2 + 1.
P8(z) = p8(z)/((1 − z) (1− z
2)2 (1− z3)2 (1− z4) (1− z5) (1− z7))
p8(z) = z
18 + 2 z16 + 6 z15 + 12 z14 + 19 z13 + 25 z12 + 31 z11 + 36 z10 + 38 z9 + 36 z8+
+31 z7 + 25 z6 + 19 z5 + 12 z4 + 6 z3 + 2 z2 + 1
P9(z) = p9(z)/(1 − z) (1− z
2) (1− z4) (1− z6) (1− z8) (1− z10) (1− z12) (1− z14) (1− z16),
p9(z) = z
63 + 3 z61 + 10 z60 + 23 z59 + 49 z58 + 93 z57 + 172 z56 + 289 z55 + 457 z54 + 701 z53
+ 1036 z52 + 1477 z51 + 2023 z50 + 2720 z49 + 3568 z48 + 4573 z47 + 5702 z46
+ 7013 z45 + 8466 z44 + 10043 z43 + 11672 z42 + 13400 z41 + 15155 z40 + 16880 z39
+ 18487 z38 + 20013 z37 + 21392 z36 + 22539 z35 + 23398 z34 + 24013 z33
+ 24355 z32 + 24355 z31 + 24013 z30 + 23398 z29 + 22539 z28 + 21392 z27
+ 20013 z26 + 18487 z25 + 16880 z24 + 15155 z23 + 13400 z22 + 11672 z21
+ 10043 z20 + 8466 z19 + 7013 z18 + 5702 z17 + 4573 z16 + 3568 z15 + 2720 z14
+ 2023 z13 + 1477 z12 + 1036 z11 + 701 z10 + 457 z9 + 289 z8 + 172 z7 + 93 z6
+ 49 z5 + 23 z4 + 10 z3 + 3 z2 + 1
P10(z) = p10(z)/(1 − z) (1− z
2)2 (1− z3) (1− z4) (1− z5) (1− z6) (1− z7) (1− z8) (1− z9),
p10(z) = z
36 + 3 z34 + 11 z33 + 27 z32 + 58 z31 + 112 z30 + 193 z29 + 318 z28 + 485 z27 + 699 z26
+ 951 z25 + 1245 z24 + 1541 z23 + 1842 z22 + 2108 z21 + 2321 z20 + 2451 z19
+ 2506 z18 + 2451 z17 + 2321 z16 + 2108 z15 + 1842 z14 + 1541 z13 + 1245 z12
+ 951 z11 + 699 z10 + 485 z9 + 318 z8 + 193 z7 + 112 z6 + 58 z5 + 27 z4 + 11 z3
+ 3 z2 + 1.
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